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Let f (x) be a real valued polynomial in x of degree k  4 with
leading coeﬃcient α. In this paper, we prove a non-trivial upper
bound for the quantity
∣∣∣∣∑
pN
(log p)e
(
f (p)
)∣∣∣∣
whenever the leading coeﬃcient α of f (x) is of type 1.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The estimations of exponential and related sums are of great importance in number theory. A more
general problem is to estimate an upper bound for the quantity
∣∣∣∣∑
nN
ane
(
f (n)
)∣∣∣∣, (1.1)
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goldt function), the estimation of the sum S in question essentially turns out to be estimating a
certain exponential sum over primes, more precisely,
∣∣∣∣∑
nN
Λ(n)e
(
f (n)
)∣∣∣∣= ∑
pN
(log p)e
(
f (p)
)+ O (N 12 ). (1.2)
Throughout the paper, f (x) is a real valued polynomial of degree k ( 2) with the leading coef-
ﬁcient α. There are several interesting results available in the literature. For example, G. Harman
proved the following theorem (see Theorem 1) in [4].
Theorem A. Suppose  > 0 is given. Let γ1(k) = 41−k. Suppose that there are integers a, q such that
|qα − a| < q−1 with (a,q) = 1.
Then we have
∑
pN
(log p)e
(
f (p)
) N1+(1
q
+ 1
N
1
2
+ q
Nk
)γ1(k)
.
For an application of Theorem A with large q, we refer to [1]. A. Ghosh considered some spe-
cial cases of the above sum when f (p) = αp2 or αp3 (see [3]). It should be mentioned here that
K. Kawada and T.D. Wooley have studied estimations of sums of the kind
∑
Pp<2P e(αp
k) with
some restrictions on α in connection with the Waring–Goldbach problem for fourth and ﬁfth powers
(see [7] and also [6]). The above estimates are in general good whenever the degree of f (x) is small.
On the other hand, if k is large, Vinogradov’s (see [20]) result shows that in place of γ1(k) in Theo-
rem A, we can have (25k2(2+ logk))−1. If f is a monomial and α is rational, then Theorem 2 of [14]
shows that, Theorem A can be substantially improved to
∑
pN
(log p)e
(
apk
q
)
 (logN)7/2q(N 12 q 12 + Nq− 12 + N 34 q 18 ) (1.3)
(see also the related works [2,5,15,16,18,19]).
Since our Main Theorem below depends on the type of α, let us recall this notion (see p. 121 of [9]
for more details). Let ψ be a non-decreasing positive function that is deﬁned at least for all positive
integers. The irrational number α is said to be of type < ψ if q‖qα‖  1
ψ(q) holds for all positive
integers q. If ψ is a constant function, then an irrational α of type < ψ is also called of constant type.
Let η1 be a positive real number or inﬁnity. The irrational number α is said to be of type η1 if η1 is
the supremum of all δ1 for which
lim inf
q→∞ q
δ1‖qα‖ = 0,
where q runs through the positive integers. The relationship between these two deﬁnitions is that an
irrational number α is of type η1 if and only if for every τ > η1 there is a constant c = c(τ ,α) such
that α is of type < ψ where ψ(q) = cqτ−1. It is well known that almost all numbers are of type 1.
From Roth’s theorem, we note that all algebraic irrationalities α satisfy
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∣∣∣∣ 1q2+ .
Therefore all algebraic irrationalities are of type 1.
Now, our goal of this paper is to prove:
Main Theorem. Suppose  > 0 is given. Let f (x) be a real valued polynomial in x of degree k ( 4) with the
leading coeﬃcient α. Let R := 2k−1 . Put
γ ∗(k) := 1
4(2R + 1) .
If α is of type 1, then we have the estimate
∑
pN
(log p)e
(
f (p)
) N1−γ ∗(k)+ .
Remark 1. The strength of this Main Theorem is explicit since
γ ∗(k) := 1
4(2R + 1) =
1
4(2k + 1) >
1
22k−1
= γ1(k)
2
,
whenever k  4 and of course α is of type 1. This improvement essentially comes from the cru-
cial Lemmas 3.1, 4.1 and 5.1. We also have Vinogradov’s estimate S  N1−γ2(k)+ where γ2(k) =
(25k2(2 + logk))−1. It is not diﬃcult to see that our estimate in the Main Theorem is better than
both these bounds for 4 k 11.
Remark 2. Relevant to Theorem A and to our Main Theorem, it should be pointed out here that if
f (x) = αxk , the degree k 4 and α is of type 1, then Lemma 3.3 of the paper of Kawada and Wooley
(see [7]) leads to an improved exponent 1 − 1
2k+1 +  and from the work of Kumchev (see [10]), we
can even get an improved exponent 1− 4
3·2k+1 +  .
Remark 3. It should be mentioned here that M. Ram Murty and A. Sankaranarayanan have shown
that (see [12]), the estimate
∑
nN
a(n)e(nα)  N 45+
holds with for example a(n) = Λ(n) or μ(n), provided α is of type 1. It should also be noted that (on
the contrary to (1.3)), we have (for α = aq with (a,q) = 1)
∑
nN
Λ(n)e
(
a
q
n
)
 μ(q)
φ(q)
N as x → ∞.
We note if α is of type 1, then the estimate
Y∑
z=1
1
‖αz‖  Y
1+
holds (see p. 123 of [9]). Thus, we observe that (for N a large positive integer)
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nN
e
(
αn2 + bn)∣∣∣∣
2
 N + 2
N−1∑
r=1
min
(
N,
1
| sin(2παr)|
)
 N1+
provided α is of type 1.
Remark 4. The proof of the Main Theorem requires several lemmas (which are given in Section 3).
Some of them are already known or can be modiﬁed to the situation.
2. Notation and preliminaries
1. We write e(x) for e2π ix.
2.  , η and δ will denote arbitrarily small positive constants.
3. Let ‖x‖ denote the distance of x from the nearest integer, i.e. ‖x‖ =: minn∈Z |x− n|.
4. Vinogradov’s notation A  B means that |A| < C |B| where C is a positive constant depending at
most on an arbitrary positive number  and on the integer k.
5. The letter p is reserved to denote always a prime number. The letter R is reserved to denote the
value R = 2k−1.
6. It is assumed that α is of type 1 in Lemmas 4.1 and 5.1 though it is not said explicitly.
3. Some lemmas
Lemma 3.1. Let α be of type 1 and let K  K0(α, ) be suﬃciently large. Let w  1 be an integer. Then, there
exists aq ∈Q with (a,q) = 1 and q satisfying K
1
1+ w−1 < q K such that
∣∣∣∣αw − aq
∣∣∣∣ 1qK .
Proof. We follow the arguments of Lemma 2.4 of our earlier paper [11]. By Dirichlet’s approximation,
there is a rational number aq with (a,q) = 1 and q = q(K ) K such that
∣∣∣∣αw − aq
∣∣∣∣< 1qK .
This implies that
‖qwα‖ 1
K
. (3.1.1)
Since α is of type 1, we have for K  K0 (where K0(α, ) is chosen suﬃciently large):
‖qwα‖ (qw)−(1+). (3.1.2)
From (3.1.1) and (3.1.2), it follows that 1K  (qw)−(1+) and this implies that
q K
1
1+ w−1. (3.1.3)
This proves the lemma. 
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integers such that (a,q) = 1 such that |β − aq | 1q2 . Put R = 2k−1 . Then, for  > 0, we have
∣∣∣∣ ∑
YnX
e
(
g(n)
)∣∣∣∣
R
k X R−k+
{
k!Xk−1∑
y=1
min
(
X,
1
‖β y‖
)
+ Xk−1
}
k X R−k+
(
q + Xk−1 + X
k
q
)
.
Proof. It is well known, see for example Lemma 10C of [13] and we combine the part 1◦ of Lemma 14
of [8]. 
Lemma 3.3. Let δ > 0, 1 U  N 12 and V  1. Deﬁne
S := S(N, δ) :=
∑
N1−δ<pN
(log p)e
(
f (p)
)
.
Then we have
S = O (N 12 )+ S2 + S3 + S4,
where
S2 = −
∑
uU
Λ(u)
∑
dV
μ(d)
∑
N1−δ<udgN
e
(
f (udg)
)
,
S3 =
∑
vV
μ(v)
∑
u;N1−δ<uvN
(logu)e
(
f (uv)
)
,
S4 =
∑
u>U
∑
v>V
N1−δuvN
φ4(u)ψ4(v)e
(
f (uv)
)
,
with
φ4(u)  u, ψ4(v)  v .
Proof. The proof follows from Vaughan’s identity, see for example Theorem 3.1 of [17]. 
4. The sums with smooth coeﬃcients
The sums S j (2 j  4) may be partitioned into  (logN)2 sub-sums of the form
S(W , X) =
∑
W<u2W
φ j(u)
∑
X<v2X
uvN
ψ j(v)e
(
f (uv)
)
,
where for j = 2 (respectively 3) the coeﬃcients ψ j(v) are of the form ψ j(v) = 1 (respectively (log v)).
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S(W , X) =
∑
W<u2W
φ(u)
∑
X<v2X
N1−δuvN
ψ(v)e
(
f (uv)
)
,
where φ(u)  u for u  N and for all v either ψ(v) = 1 or ψ(v) = log v. Then, we have
S(W , X)  (W X)1+
((
W
X
) k
2R
+ X− 1R
)
.
Proof. It suﬃces to treat the case ψ(v) = 1, since the case ψ(v) = log v may be reduced to this case
by partial summation. We note that g(v) := f (uv) is a polynomial in v of degree k with the leading
coeﬃcient αuk . Now, we apply Lemma 3.1. Let K be suﬃciently large. Then there are integers a,q
with (a,q) = 1 satisfying K 11+ u−k < q K such that
∣∣∣∣αuk − aq
∣∣∣∣ 1qK .
Thus, from Lemma 3.2, we get
∣∣∣∣ ∑
X1<vX2
e
(
f (uv)
)∣∣∣∣
R
 XR−k+2
(
K + X
kuk
K 1−
+ Xk−1
)
,
where X1 := Xmin = max(X,N1−δu−1) and X2 := Xmax = min(2X,Nu−1). The choice K = (Xu) k2 leads
to
∣∣∣∣ ∑
X1<vX2
e
(
f (uv)
)∣∣∣∣
R
 XR−k+(k+2)((Xu) k2 + Xk−1).
We note that k + 2 2k−1 = R (for k 4). This proves the lemma. 
5. The bilinear form estimate
In this section, we prove the following lemma.
Lemma 5.1. Let R = 2k−1 . X k2R+k W  X. Let
S(W , X) :=
∑
W<u2W
φ(u)
∑
X<v2X
N1−δ<uvN
ψ(v)e
(
f (uv)
)
,
where
φ(u)  u, ψ(v)  v .
Then, we have the estimate
S(W , X)  (W X)1+2W k−14R+2 X− k4R+2 + W X1− 12R +2 .
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k
2R+k W implies that the quantity
A := [W 2R+k2R+1 X− k2R+1 ] 1.
We partition the interval (W ,2W ] into A abutting sub-intervals I j = (W j,W j+1] each of length
 W A−1 and set
S( j) :=
∑
W j<uW j+1
φ(u)
∑
X<v2X
N1−δ<uvN
ψ(v)e
(
f (uv)
)
.
We have, by Cauchy’s inequality,
∣∣S( j)∣∣2  X1+2 ∑
X<v2X
∣∣∣∣ ∑
W j<uW j+1
N1−δ<uvN
φ(u)e
(
f (uv)
)∣∣∣∣
2
 X1+2
∑
W j<u1,u2W j+1
∑
Xmin(u1,u2)<vXmax(u1,u2)
e
(
f (u2v) − f (u1v)
)
,
where
X  Xmin(u1,u2) Xmax(u1,u2) 2X .
For u1 = u2, we note that h(v) := h(v,u1,u2) := f (u2v) − f (u1v) = α(uk2 − uk1)vk + · · · is a poly-
nomial of degree k in v with leading coeﬃcient α(uk2 − uk1). We observe that
uk2 − uk1 = (u2 − u1)
(
uk−12 + uk−22 u1 + · · · + uk−11
) WkA−1.
We apply Lemma 3.1 with w = |uk2 − uk1|. For K suﬃciently large, we ﬁnd that there exists a q =
q(u1,u2) such that
K
1
(1+)
∣∣uk2 − uk1∣∣−1 < q K .
From Lemma 3.2, we obtain (for (u1 = u2)),
Q :=
∣∣∣∣ ∑
Xmin(u1,u2)<vXmax(u1,u2)
e
(
h(v;u1,u2)
)∣∣∣∣
R
k X R−k+2
(
K + X
kWk A−1
K 1−
+ Xk−1
)
k X R−k+2(W X) k2
(
(W X)
k
2 A−
1
2 + Xk−1)
k X R−k+(k+2)
(
(W X)
k
2 A−
1
2 + Xk−1),
by choosing K = (W X) k2 A− 12 . Now, taking into account the contribution coming from u1 = u2 (and
noting the fact that k + 2 2k−1 = R for k 4), we obtain
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Now, by summing over j, we get the lemma. 
6. Proof of the Main Theorem
We now choose U = V = N k2R . The sum S2 (respectively S3) is of the form
S =
∑
uW ∗
φ(u)
∑
vNu−1
ψ(v)e
(
f (uv)
)
(6.1)
with ψ(v) = 1 (respectively ψ(v) = log v), W ∗ = UV (respectively V ) and may each be divided into
 (logN)2 sums
S(W , X) :=
∑
W<u2W
φ(u)
∑
X<v2X
N1−δ<uvN
ψ(v)e
(
f (uv)
)
, (6.2)
where W  N kR .
By Lemma 4.1, we have
S(W , X)  (W X)1+((W X−1) k2R + X− 1R ). (6.3)
The inequalities
W  N kR , X > N1− kR −δ (6.4)
imply that
S(W , X)  N1− k4R (6.5)
if δ is suﬃciently small. Thus,
S j  N1− k4R +, for j = 2,3. (6.6)
We now estimate S4. We may partition S4 into  (logN)2 sums S(W , X) of the form
S(W , X) :=
∑
W<u2W
φ(u)
∑
X<v2X
N1−δ<uvN
ψ(v)e
(
f (uv)
)
, (6.7)
where
φ(u)  u, ψ(v)  v .
We may assume W > N
k
2R , W X  N1−δ , W  X . From Lemma 5.1, we obtain
S(W , X)  (W X)1+2W k−14R+2 X− k4R+2 + W X1− 12R +2 . (6.8)
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S(W , X)  N1−F (η)+G(δ), (6.9)
where
F (η) = 1
4(2R + 1) + η
(2k − 1)
4R + 2 (6.10)
and G(δ) → 0 for δ → 0.
We observe that
∑
pN
· · · =
∑
1<pN1
+· · · +
∑
N1<pN2
+· · · +
∑
N j<pN
· · · , (6.11)
and Ni = (Ni+1)1−δ . We can take N1 = N 12 . Thus, there are only a ﬁnite number of such sums as long
as δ > 0 is ﬁxed. Now, we can apply the above arguments to each such sums and hence the proof of
the Main Theorem is complete.
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